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ABSTRACT
The string theory defined by gauging W∞/2, the sub-algebra of W∞ generated
by the currents of even spin, is discussed. The critical value of the central charge is
calculated using zeta-function techniques and shown to be c = 1. A critical string
theory is constructed by coupling a free boson toW∞/2-gravity and the physical states
are analysed.
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Any matter system with a W -algebra symmetry can be coupled, at least classically, to the
corresponding W-gravity to obtain a theory with localW-symmetry (a higher-spin generalisation
of diffeomorphism symmetry). One can then attempt to quantize the theory, and a consistent
critical W-string theory emerges provided that the matter system is chosen so that all anomalies
are cancelled by ghost contributions (for a review, see e.g. [1]). This is equivalent to the existence
of a nilpotent BRST charge, and requires in particular that the sum of the matter and ghost
central charges should be zero. We will be concerned here with algebras such as W∞ or W1+∞
that are generated by an infinite number of currents, and in particular in the algebra W∞/2,
which is the sub-algebra of W∞ generated by the currents of even spin. For such infinitely-
generated W-algebras, there are an infinite number of ghosts and the ghost contribution to the
central charge is the sum of a divergent series. One approach to this problem is to regulate the
series using the zeta-function method, giving a finite critical central charge. For W∞ this gives
a critical value of the matter central charge given by c = −2, and critical W∞-string theories
have been investigated in [6]. Remarkably, for theW∞/2 sub-algebra, the critical central charge is
c = 1, so that a criticalW∞/2-string can be constructed by coupling a free boson toW∞/2-gravity,
with a linearly-realised W-symmetry, so that there are no matter-dependent anomalies. This is
particularly interesting because of recent developments in the study of c = 1 matter coupled to
ordinary gravity, a system which has been shown to posses a W∞ symmetry. It is the purpose of
this paper to investigate the critical W∞/2-string theory.
The w∞ algebra [2] is generated by an infinite set of currents w
s, s = 2, 3........, of spin s. The
modes wsm(m ∈ Z) satisfy the w∞ algebra
[wsm, w
r
n] = [(r + 1)m− (s+ 1)n]ws+rm+n (1)
which is a Lie algebra without central extension. The W∞ algebra [3] is a deformation of this
which includes the Virasoro algebra with central charge c, given by
[Wrn,Wsm] =
∑
q≥0
grs2q(m,n)Wr+s−2qm+n + cr(m)δrsδm+n,0 (2)
The structure constants grs2q(m,n) and the central terms cr(m) are completely fixed by the Jacobi
identities and take the following form
cr(m) = m(m
2 − 1)(m2 − 4)........(m2 − (r + 1)2)cr (3)
where the central charges cr are given by
cr =
22r−3r!(r + 2)!
(2r + 1)!!(2r + 3)!!
c (4)
The structure constants are given by
grsq (m,n) =
1
2(q + 1)!
φrsq N
rs
q (m,n) (5)
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where N rsq is defined by
N rsq (m,n) =
q+1∑
k=0
(−1)k
(
q + 1
k
)
[r + 1 +m]q+1−k[r + 1−m]k[s+ 1 + n]k[s+ 1− n]q+1−k (6)
with [x]n = Γ(x+ 1)/Γ(x+ 1− n). Finally the φrsq are given by
φrsq =
∑
k≥0
(−1
2
)
k
(3
2
)
k
(− q
2
− 1
2
)
k
(− q
2
)
k
k!(−r − 1
2
)
k
(−s− 1
2
)
k
(r + s− q + 5
2
)
k
(7)
where (x)n = Γ(x+ n)/Γ(x)
Restricting to the subset of currents of even spin, w(2r) or W(2r), gives a closed subalgebra
of w∞ or W∞ denoted w∞/2 or W∞/2 respectively [3, 4]. Similarly restricting to the subset of
currents ws, s = 2, 2+M, 2+2M, 2+3M... gives a subalgebra of w∞ denoted by w∞/M [4]. These
do not appear to give a subalgebra of W∞, however, and it is not known whether a consistent
non-degenerate algebra with non trival central extention exists for currents with these spins if
M 6= 2.
Given a classical matter system with W-algebra symmetry, it is straightforward to couple to
W-gravity by introducing a gauge field of spin s corresponding to each conserved W-current of
spin s [4]. On quantisation, one gauges away each gauge field of spin s and introduces a ghost c(s)
of spin 1− s and an anti-ghost b(s) of spin s. In general, there will be anomalies of two types [5]:
(i) if the W-currents do not generate a closed quantum algebra, there will be matter-dependent
anomalies (ii) there will in general be universal anomalies, corresponding to central terms in the
current algebra. In particular, there will be a conformal (or gravitational) anomaly corresponding
to the total central charge of the Virasoro algebra, given by
cTOT = cMATTER + cGHOST
cGHOST =
∞∑
s=2
cs (8)
cs = −2(6s2 − 6s+ 1)
This anomaly will be absent only if the matter contribution cancels against the ghost contribution.
The requirement of anomaly cancellation is equivalent to the existence of a nilpotent BRST
charge Q. If the W-algebra is a Lie algebra (as in the case for algebras considered above) then it
is straightforward to construct a BRST charge by standard techniques and check its nilpotence.
A necessary condition for this is the vanishing of cTOT .
The case of the W∞ algebra was considerd in [7, 8]. The ghost central charge is
cGHOST =
∞∑
s=2
cs
= −26− 74− 146− ........... (9)
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which is divergent. However, it was suggested in [7, 8] that this divergent sum can be regularised
using a zeta-function techniques. Recall that the zeta-function is
ζ(s) =
∞∑
n=1
n−s (10)
so that formally one can define
∑∞
n=1 n
r (with r ≥ 0) to be lims→−r ζ(s), which is a well-defined
finite number. Thus
cGHOST → −2[6ζ(−2)− 6ζ(−1) + ζ(0)] (11)
Using
ζ(0) = −1
2
, ζ(−1) = − 1
12
, ζ(−2) = 0 (12)
one finds the regularised value
cGHOST = 2 (13)
So the anomalies cancel if the matter sector has central charge c = −2.
In [7] arguments were given to support this rather formal procedure. It was conjectured that
this condition was sufficient for the existence of a nilpotent BRST charge and this was checked
explicitly for a number of higher spin anomalies.
Consider now the application of these ideas to W∞/2. Then
cGHOST =
∞∑
r=1
c2r
= −2
∞∑
r=1
[
6(2r)2 − 6(2r) + 1
]
(14)
= −2{24ζ(−2)− 12ζ(−1) + ζ(−1)}
giving the regularised value cGHOST = −1.
Similarly one can ask for the critical value of the central charge for a theory ofW∞/M gravity.
Then zeta-function regularisation gives
cGHOST =
∞∑
r=0
c2+rM
= (4M2 − 15M + 13) (15)
Thus if a theory of critical W∞/M strings is to exist, the matter sector must have central charge
cMATTER(M) = −(4M2 − 15M + 13)
Note that cMAT < 0 unless M = 2, so that unless M = 2, one might expect problems with
unitarity.
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In the case of W∞, M = 1, cMAT = −2, a non-linear realisation of W∞ with cMAT = −2
in terms of one boson was constructed in [7] and used to construct a W∞-gravity theory that
was formally anomaly-free. The fact that theW-symmetry was non-linear meant that there were
matter-dependent anomalies [5] and the cancellation of these at c = −2 was rather involved [6].
Unlike a W-algebra generated by a finite number of currents (e.g. WN ), W∞ also has linear
realisations in terms of free bosons. Given D free complex bosons φi, φ¯i the set of currents
Ws = B(s)
s−1∑
r=1
(−1)rAsr : ∂rzφ∂s−rz φ¯ : (16)
where,
B(s) = qs−2
2s−3s!
(2s− 3)!! (17)
and
Asr =
1
(s− 1)
(
s− 1
r
)(
s− 1
s− r
)
(18)
satisfy the W∞ algebra with c = 2D [9].
In the case of the N -free boson realisation of the Virasoro algebra with c = N , it is possible
to add a background charge term αi∂
2φi to the stress tensor so that the central charge can take
general values c = N +24α2. We have checked that it is not possible to modify the linear bosonic
realisation ofW∞ to obtain a realisation with general central charges by adding higher derivative
terms that are linear in the bosonic fields to the currents (16).
If one restricts the D bosons φi to be real in this construction, then the odd-spin currents
given by (16) vanish, W(2r+1) = 0, and one is left with a set of even spin currents generating the
W∞/2 algebra with cMAT = D.
In particular, for one boson, D = 1, and we have a realisation of W∞/2 with the critical
c-value, cMAT = 1. This means that with a matter system of one boson we have a W-gravity
theory for which the gravitational or conformal anomalies cancel against ghost contributions and
we conjecture that the same is true for all higher spin anomalies as well. If this is so then we
have constructed a theory of critical W∞/2-strings.
The operator quantization of this free boson theory is straightforward. On the cylindrical
world-sheets with time coordinate τ and periodic space-cordinate σ,
φ = φ+(τ + σ) + φ−(τ − σ) (19)
and
∂φ+(σ) =
∑
ane
inσ
where the modes an satisfy
[an, am] = nδn+m (20)
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As usual, we choose a Fock space represantation with momentum p ground state |p > satisfying
a0|p >= p|p >, an|p >= 0 n > 0 (21)
and we normal-order with respect to this vacuum. A state |Ω > is a highest weight state ofW∞/2
with weights specified by an infinite-dimentional vector (h2, h4, h6 . . .) if it satisfies
W2rn |Ω > = 0, n > 0
(W2r0 − h2r)|Ω > = 0 (22)
for certain intercepts h2r.
We next turn to the physical state conditions. For any W-string theory, a general state is
a linear combination of states, each of which can be written as a product of a matter-sector
state |ψ > (an element of the φ Fock-space in our case) and a ghost-state. For any given ghost-
structure, the condition that the state represents a BRST cohomology class is that |ψ > should
be a highest-weight state of the appropriate W-algebra with weights fixed by the choice of ghost
structure. For example, for the bosonic string with conventional ghost vacuum, physical states
are highest-weight representations of the Virasoro algebra with weight (intercept) h2 = 1, while
for theW3-string with conventional ghost vacuum, the weights (h2, h4) of (L0,W0) are (4, 0) [10].
For W-algebras generated by a finite number of currents, there are a number of other ways of
determining the intercept for L0 (see [11]), all of which give the same answer. For W-strings
generated by an infinite number of currents, such as W∞ and W∞/2, each method of calculating
the weights of a physical state gives a divergent sum, and different methods can give different
results, as can different ways of regularising a given sum.
Suppose a givenW-algebra is generated by a set of currents currents whose spins s form a set S
(e.g. forW∞/2 we have S = {2, 4, 6, . . .}). The correspondingW-string has ghosts
{
bs), c(s)|s ∈ S
}
and the conventional ghost vacuum is given in terms of the BRST-invariant vacuum |0 > by
|Ω >=
(∏
s∈S
s−1∏
i=1
c
(s)
i
)
|0 > (23)
The physical state conditions for a state |ψ > ⊗|Ω > with this ghost structure then imply that
the matter sector state |ψ > should be a highest weight state of the W-algebra with spin-two
intercept h2 biven by
h2 =
∑
s∈S
s−1∑
n=1
n =
∑
s∈S
1
2
s(s− 1) (24)
For the WN string, S = {2, 3, 4, . . . , N} and h2 = 1, 4, . . . for N = 2, 3, . . .. For the W∞+1 string,
h2 =
∞∑
s=1
1
2
s(s− 1) = 1
2
(ζ(−2)− ζ(−1)) = 1
24
(25)
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For the W∞ string the intercept is the same sum but starting from s = 2 instead of s = 1. This
can be evaluated as
h2 =
∞∑
s=2
1
2
s(s− 1) =
∞∑
s=1
1
2
s(s− 1)− 0 = 1
24
(26)
or as
h2 =
∞∑
s=2
1
2
s(s− 1) =
∞∑
r=1
1
2
r(r + 1) =
1
2
(ζ(−2) + ζ(−1)) = − 1
24
(27)
Clearly, organising the series in different ways can give different results. For W∞/2, we obtain
h2 =
∑
s even
1
2
s(s− 1) =
∞∑
r=1
r(2r − 1) = 2ζ(−2)− ζ(−1) = 1
12
(28)
Although it is reassuring that the calculation of the spin-two intercepts for W1+∞ and W∞/2
involved no rearrangement of the series, it is not clear whether these are trustworthy results.
Indeed, in [7], the intercepts for W1+∞ and W∞ were calculated by a different method and
different values were obtained (h2 = 0 in both cases). Furthermore, choosing different ghost
vacua will give different intercepts and it is possible that for these theories there may be physical
states with different ghost structures. As there does not, at present, seem to be a reliable way
of fixing the weights for infinite rank W-algebras, we shall proceed by analysing the one-boson
highest weight representations of W∞/2 for general weights and return to the issue of how these
weights are fixed in the W∞/2-string at the end.
We shall now look for highest weight Fock-space states |Ω > satisfying (22) which are eigen-
states of momentum and level number
a0|Ω >= p|Ω >, N |Ω >= n|Ω > (29)
for some momentum p, and level n where N =
∑
ana−n The mode expansion of W2s gives the
operators
W2sl = (−1)s−1
2s−1∑
k=1
∆2sk
∞∑
n=−∞
n2s−k−1(l − n)k−1 : anal−n : (30)
where,
∆2sk = (−1)kB(2s)A2sk
and
B(2s) =
2s2s−3(2s)!
(4s− 3)!!
A2sk =
1
(2s− 1)
(
2s− 1
k
)(
2s− 1
2s− k
)
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so that
W2s0 = 2(−1)s
2s−1∑
k=1
B(2s)A2sk
∞∑
n=1
a−nann
2s−2
= 2(−1)s
2s−1∑
k=1
B(2s)A2sk (a−1a1 + 4a−2a2 + 9a−3a3 + 16a−4a4 + . . .) (31)
Consider first highest weight states of level 0, and momentum p. The constraint
(W20 − h2)|p >= 0 (32)
implies that
p2 = −h2, (33)
while the higher-spin constraints are satisfied only if
h4 = h6 = h8 = . . . = 0 (34)
This is the case because for higher spin cases the operators W2s0 for (s > 1) do not contain any
a0a0 term. Thus states of level 0 only exist if
h4 = h6 = h8 = . . . 0
with h2 arbitrary.
Next consider states of level 1, which are of the form |Ω >= a−1|p >. The condition
W20 |Ω >= h2|Ω > (35)
implies
− (p2 + 2) = h2 (36)
while W21 |Ω >= 0 implies
p = 0
Thus the only level-one highest weight states must have zero momentum and
h2 = −2 (37)
Then
W41 |Ω >= 0, (W40 − h4)|Ω >= 0 (38)
only if
h4 = 25 (39)
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For higher-spin, the constraints (22) imply
h2s = 2(−1)s−1
2s−1∑
k=1
(−1)k−1∆2sk
= 2(−1)s
2s−1∑
k=1
2s2s−3(2s)!
(4s− 3)!! .
1
(2s− 1) .
(
2s− 1
k
)(
2s− 1
2s− k
)
(40)
For low s, this gives the results
h6 = −29, h8 = 213, h10 = −217, .......... (41)
and leads us to conjucture that the general result is
h2s = (−1)s24s−3 (42)
Thus there are no highest weight states at level one unless the weights h2s take certain fixed
values, which we believe to be given by (42). If the weights do take these special values, then
there is a physical level-one state with zero momentum.
Now let us consider states of level 2, of the form |Ω >= {αa−2 + β(a−1)2}|p >. This will be
a highest weight state provided
W2s2 |Ω > = 0
W2s1 |Ω > = 0 (43)
W2s0 |Ω > = h2s|Ω >
When s = 1, (43) implies
W22 |Ω > = 0
W21 |Ω > = 0 (44)
W20 |Ω > = h2|Ω >
which is equivalent to
− (a1a1 + 2a0a2 + . . .)(αa−2 + β(a−1)2) = 0
−2(a0a1 + a−1a2 + . . .)(αa−2 + β(a−1)2) = 0 (45)
−(a0a0 + 2a−1a1 + a2a2 + . . .)(αa−2 + β(a−1)2) = h2(αa−2 + β(a−1)2)
This implies
2pα + β = 0 (46)
2α + βp = 0 (47)
(p2 + 4) = h2 (48)
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The first two equations imply that either α = β = 0 in which case the state is trivial or
p2 = 1 (49)
The final equation in (48) then fixes
h2 = 5 (50)
Similarly for the s = 2 components of (43), we obtain
(β − 8pα)(αa−2 + βa2−1) = 0 (51)
(βp+ 22α)(αa−2 + βa
2
−1) = 0 (52)
−32(8αa−2 + βa2−1)|p > = h4(αa−2 + βa2−1) (53)
The first two equations imply that if the state is non-trivial, then
p2 = −11
4
(54)
This is inconsistent with (49) and so we conclude that there are no physical states at level two.
It is straightforward to give a similar analysis at higher levels and we have checked that there
are no physical states at levels 3, 4, or 5. In each case, there are more constraints than there are
free variables parameterizing the state at that level, so that the system is over-constrained and
there are no solutions. The number of contraints grows with level more rapidly than the number
of variables, and we conjecture that there are no further physical states at any higher levels.
We now return to the W∞/2-string. For a given ghost vacuum, the physical state conditions
imply that the matter part of a physical state should be a highest weight state satisfying (22)
with weights
h2 = h¯2, h4 = h¯4, h6 = h¯6, . . . (55)
for some numbers h¯2r which depend on the choice of ghost vacuum. Our results up to level five
imply the following. There is a physical state at level zero only if there is a ghost vacuum that
gives intercepts
h¯4 = h¯6 = h¯8 = . . . = 0 (56)
with h¯2 arbitrary. If so, then the physical state corresponds to a particle in one dimension with
momentum p =
√
−h¯2. Note that (28) suggests h¯2 = 1
12
for the standard ghost vacuum. At level
one, there are no physical states unless the weights take fixed values
h¯2 = −2, h¯4 = 25, h¯6 = −29, h¯8 = 213, h¯10 = −217, .......... (57)
in which case there is a single zero-momentum state. For levels 2, 3, 4, 5 there can be no physical
states at all, and we conjecture that there are no states at higher levels either. If this is correct,
then the spectrum of this W∞/2-string is very small indeed: it consists of at most a massive
10
particle, which will occur only if there is a ghost vacuum which gives intercepts (56), and a zero-
momentum state, which will occur only if there is a ghost vacuum which gives intercepts (57).
However, deciding whether or not these states actually occur requires a better understanding of
the new kind of divergencies that are present in theories with an infinite number of fields than
we have at present.
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